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Bose-Einstein Condensate

Predicted by Bose and Einstein (1924-25) for free systems

Realised in 1995 for a gas of rubidium atoms at 170 nK

[Anderson-Ensher-Matthews-Wieman-Cornell ’95]
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Gross-Pitaevskii Regime

N bosons in Λ = [0, 1]3 interacting through a repulsive potential, scaling with N

Hamiltonian:

HN =
N∑
j=1

−∆xj +
N∑
i<j

N2V (N(xi−xj))

on L2
s (ΛN), V ≥ 0, compact support,

spherically symmetric

Scattering length: a[
−∆ +

1

2
V

]
f = 0, with f (x)→ 1 as |x | → ∞

⇒ f (x) = 1− a

|x | , for large |x |

By scaling, aN = a
N
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Ground State Energy

[Lieb-Seiringer-Ynvagson ’00]:

EN = 4πaN + o(N)

[Lieb-Seiringer ’02]: Ground state ψN exhibits Bose-Eistein condensation.
For γN =tr2,...N |ψN〉〈ψN | :

lim
N→∞

tr|γN − |ψ0〉〈ψ0|| = 0

with ψ0(x) = 1, ∀x ∈ Λ

[Boccato, Brennecke, Cenatiempo, Schlein ’18 -’20]: V ∈ L3(R3),

|EN − 4πaN| ≤ C

For a sequence ψ̃N ∈ L2
s (ΛN); st 〈ψ̃N ,HN ψ̃N〉 ≤ 4πaN + K with K > 0

1− 〈ψ0, γNψ0〉 ≤
C(K + 1)

N
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Ground State Energy

Theorem [Boccato-Brennecke-Cenatiempo-Schlein ’19]: V ∈ L3(R3)

EN = 4πa(N − 1) + eΛa
2

− 1

2

∑
p∈2πZ3\{0}

[
p2 + 8πa−

√
|p|4 + 16πap2 − (8πa)2

2p2

]
+O(N−1/4)

where

eΛ = 2− lim
M→∞

∑
p∈Z3\{0}:

|p1|,|p2|,|p3|≤M

cos |p|
p2

Also resolves the low-energy excitation spectrum

Extensions: [Hainzl-Schlein-Triay ’22], [Brooks ’23],
[Basti-Cenatiempo-Olgiati-Pasqualetti-Schlein ’23],
[Brennecke-Schlein-Schraven ’22], [Nam-Triay ’23]

Diane Saint Aubin, University of Zürich GS energy of a Bose gas in GP SFB Junior Meeting 2023 6 / 18



Ground State Energy

Theorem [Boccato-Brennecke-Cenatiempo-Schlein ’19]: V ∈ L3(R3)

EN = 4πa(N − 1) + eΛa
2

− 1

2

∑
p∈2πZ3\{0}

[
p2 + 8πa−

√
|p|4 + 16πap2 − (8πa)2

2p2

]
+O(N−1/4)

where

eΛ = 2− lim
M→∞

∑
p∈Z3\{0}:

|p1|,|p2|,|p3|≤M

cos |p|
p2

Also resolves the low-energy excitation spectrum

Extensions: [Hainzl-Schlein-Triay ’22], [Brooks ’23],
[Basti-Cenatiempo-Olgiati-Pasqualetti-Schlein ’23],
[Brennecke-Schlein-Schraven ’22], [Nam-Triay ’23]
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Ground State Energy: Our Result

Theorem [Caraci-Olgiati-S.A.-Schlein ’23]: V ∈ L3(R3),V ≥ 0, sph. sym., compact
support

EN = 4πa(N − 1) + eΛa
2

− 1

2

∑
p∈Λ∗

+

[
p2 + 8πa−

√
|p|4 + 16πap2 − (8πa)2

2p2

]

− 64π
(4

3
π −
√

3
)
a4 (logN)

N
+O((logN)1/2/N)

as N →∞.
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Thermodynamic limit

Lee-Huang-Yang formula ’57:

e(ρ) = lim
N,L→∞
N/L3=ρ

EN,L

N
= 4πaρ

[
1 +

128

15
√
π

(ρa3)1/2 + . . .

]

for ρa3 → 0.

Rigorous proofs for the L-H-Y correction:
[Yau-Yin ’09], [Basti-Cenatiempo-Schlein ’21], [Fournais-Solovej ’20-’23]
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Diane Saint Aubin, University of Zürich GS energy of a Bose gas in GP SFB Junior Meeting 2023 8 / 18



Thermodynamic limit

[Wu ’59], [Hugenholtz-Pines ’59], [Sawada ’59] predicted

e(ρ) = lim
N,L→∞
N/L3=ρ

EN,L

N
= 4πaρ [1 +

128

15
√
π

(ρa3)1/2

+ 8
(4

3
π −
√

3
)
ρa3 log(12πρa3) + . . .

]
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Table of Contents

1 Bose-Einstein Condensation

2 Ground State Energy

3 Idea of the proof



Proof...

Switch to second quantization,

HN =
∑
p∈Λ∗

p2a∗pap +
1

2N

∑
p,q,r∈Λ∗

V̂ (r/N)a∗p+ra
∗
qaq+rap

Factor out BEC: any ψN ∈ L2
s (ΛN) can be uniquely written as

ψN =
N∑

n=0

αn ⊗s ψ
⊗(N−n)
0 , with αj ∈ L2

⊥ψ0
(Λ)⊗s j and ψ0 = 1

UN : L2
s (ΛN)→ F≤N

⊥ :=
⊕N

n=0 L
2
⊥ψ0

(Λ)⊗sn


UNa

∗
0a0U

∗
N = N −N+

UNa
∗
pa0U

∗
N =
√
Nb∗p

UNa
∗
paqU

∗
N = a∗paq

bp := (1− N−1N+)1/2ap

[bp, b
∗
q ] =

(
1− N−1N+

)
δp,q − N−1a∗qap

[bp, bq] = 0
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Proof...

UNHNU
∗
N =K+ VN +

V̂ (0)

2
(N − 1)

+
∑
p∈Λ∗

+

V̂ (p/N)b∗pbp +
1

2

∑
p∈Λ∗

+

V̂ (p/N)(b∗pb
∗
−p + bpb−p)

+
1√
N

∑
p,q∈Λ∗

+
p+q 6=0

V̂ (p/N)
(
b∗p+qa

∗
−paq + a∗qa−pbp+q

)
+O(N−1)

with

K =
∑
p∈Λ∗

+

p2a∗pap, VN =
1

2N

∑
r∈Λ∗,p,q∈Λ∗

+
r 6=−p,−q

V̂ (r/N)a∗p+ra
∗
qapaq+r
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Proof...

Describe correlations: rescaled Neumann problem for ` > 0,[
−∆ +

N2

2
V (N·)

]
fN,` = λ`fN,` |x | ≤ `

∂r fN,`(x) = 0 |x | = `

on |x | ≤ `, with f`(x) = 1 for |x | ≥ `.

⇒ f̂N,`(p) = δp,0 + N−1ηp and
(
V̂ (·/N) ∗ f̂N,`

)
0

= 8πa +O(N−1)

verifying

p2ηp +
1

2
V̂ (p/N)+

1

2N

∑
q∈Λ∗

V̂ ((p − q)/N)ηq ' 0

‖η‖2 ≤ C ,
∑

p∈Λ∗ p
2|ηp|2 ≤ CN
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Proof... Strategy to extract contributions up to order 1

In [BBCS ’19]:

1 Extract order N and 1 contributions with Bη = 1
2

∑
p∈Λ∗

+
ηp
(
b∗pb
∗
−p − bpb−p

)
:

e−BηUNHNU
∗
Ne

Bη ' 4πaN +QB + C + VN

2 Cubic renormalization to extract order 1

e−A1e−BηUNHNU
∗
Ne

BηeA1 ' 4πaN +QB +QA + VN ,

with QB +QA =
∑
p∈Λ∗

+

[
Fpb
∗
pbp +

1

2
Gp

(
b∗pb
∗
−p + bpb−p

)
+ Cp

]

3 Diagonalize with Bτ , for tanh(2τp) = −Gp/Fp

e−Bτ e−Ae−BηUNHNU
∗
Ne

BηeAeBτ ' 4πaN + EBog +
∑
p∈Λ∗

+

ε(p)a∗pap + VN

with ε(p) =
√
|p|4 + 16πap2
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Proof...Overview of our approach

Get to a precision of o(N−1logN):

1 Single generalized Bogoliubov transformation Bµ = Bη + Bτ

e−BµUNHNU
∗
Ne

Bµ ' 4πaN + EBog +
∑
p∈Λ∗

+

ε(p) a∗pap −QA + C + VN

2 Cubic renormalization A to extract order 1 and order N−1logN

e−Ae−BµUNHNU
∗
Ne

BµeA ' 4πaN + EBog + Elog +
∑
p∈Λ∗

+

ε(p) a∗pap + VN

verifying e−AN+e
A . N+

Diane Saint Aubin, University of Zürich GS energy of a Bose gas in GP SFB Junior Meeting 2023 14 / 18



Proof...Overview of our approach

Get to a precision of o(N−1logN):

1 Single generalized Bogoliubov transformation Bµ = Bη + Bτ

e−BµUNHNU
∗
Ne

Bµ ' 4πaN + EBog +
∑
p∈Λ∗

+

ε(p) a∗pap −QA + C + VN

2 Cubic renormalization A to extract order 1 and order N−1logN

e−Ae−BµUNHNU
∗
Ne

BµeA ' 4πaN + EBog + Elog +
∑
p∈Λ∗

+

ε(p) a∗pap + VN

verifying e−AN+e
A . N+
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Proof... Our approach

Single generalized Bogoliubov transformation Bµ = Bη + Bτ

e−BµUNHNU
∗
Ne

Bµ = 4πaN + EBog +
∑
p∈Λ∗

+

ε(p) a∗pap −QA + C + VN + E

C = 1√
N

∑
p,q∈Λ∗

+
p+q 6=0

V̂ (p/N) b∗p+qb
∗
−p(γqbq + σqb

∗
−q) + h.c. = Cγ + Cσ

with γq = cosh(µq) and σq = sinh(µq).

Two kinds of errors E = E1 + E2 :

±E1 ≤ εK+ C
εN

(HN + 1)(N+ + 1)k

±E2 ≤ εN+ + C
εN

(HN + 1)(N+ + 1)k , for ε > 0 with HN = K+ VN

For GS ψN : 〈e−BµUNψN , (HN + 1)(N+ + 1)ke−BµUNψN〉 ≤ C , using [BBCS’19]
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Proof...Our approach

Cubic transformation:

A =
1√
N

∑
r,v∈Λ∗

+
r+v 6=0

b∗r+vb
∗
−r (ηrγvbv + νr,vb

∗
−v )− h.c. = Aγ + Aν

with νr,v = ηr (σv − ηv ) + ηrηv
r2+v2

|r+v|2+r2+v2eq:def_wtsigma

[K,Aγ ] ' 2√
N

∑
r,v∈Λ∗

+
r+v 6=0

r 2ηrγv b
∗
r+vb

∗
−rbv + h.c.

[VN ,Aγ ] ' 1√
N

∑
r,v∈Λ∗

+
r+v 6=0

(V̂ (·/N) ∗ η)rγv b
∗
r+vb

∗
−rbv + h.c.

→ Use scattering equation to cancel Cγ

Choice of ν for which [K,Aν ] ' 2√
N

∑
r,v∈Λ∗

+
r+v 6=0

r 2ηrσv b
∗
r+vb

∗
−rb
∗
−v + h.c.

[VN ,Aν ] ' 1√
N

∑
r,v∈Λ∗

+
r+v 6=0

(V̂ (·/N) ∗ η)rσv b
∗
r+vb

∗
−rb
∗
−v + Clog + h.c.
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∗
−rbv + h.c.

[VN ,Aγ ] ' 1√
N

∑
r,v∈Λ∗

+
r+v 6=0

(V̂ (·/N) ∗ η)rγv b
∗
r+vb

∗
−rbv + h.c.

→ Use scattering equation to cancel Cγ

Choice of ν for which [K,Aν ] ' 2√
N

∑
r,v∈Λ∗

+
r+v 6=0

r 2ηrσv b
∗
r+vb

∗
−rb
∗
−v + h.c.

[VN ,Aν ] ' 1√
N

∑
r,v∈Λ∗

+
r+v 6=0

(V̂ (·/N) ∗ η)rσv b
∗
r+vb

∗
−rb
∗
−v + Clog + h.c.
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Proof...

e−ACeA ' C + [C,A
]
' C + 2QA + 2Elog,1

e−AHNe
A ' HN + [HN ,A] + 1

2
[[HN ,A],A] ' HN − C −QA − Elog,1 + Elog,2

using [Cσ,Aν ] ' 2Elog,1 and [Clog ,Aν ] ' 2Elog,2

Elog = Elog,1 + Elog,2

=
2

N

∑
r,v∈Λ∗

+
r+v 6=0

1

r 2 + v 2 + (r + v)2

[
(r 2 + (r + v)2)

(
V̂ (·/N) ∗ f̂N,`

)
r+v
ηrηvηr+v

−(r · v)
((

V̂ (·/N) ∗ f̂N,`
)
r+v

+
(
V̂ (·/N) ∗ f̂N,`

)
r

)
ηrη

2
v

]
+O(N−1)

' −64π
(4

3
π −
√

3
)
a4 (logN)

N
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Proof...Our approach

e−Ae−BµUNHNU
∗
Ne

BµeA = 4πaN + EBog + Elog +
∑
p∈Λ∗

+

ε(p) a∗pap + VN + E

with ±E ≤ εK+ C
N

[
(logN)1/2 + ε−1

]
(K+ 1)(N+ + 1)4, ε > 0

Upper bound: test on |Ω〉

Lower bound:

VN ≥ 0

ε−1 = (log N)1/2

(1− (log N)−1/2)
∑

p∈Λ∗
+
ε(p) a∗pap ≥ 0

For GS ξ = e−Ae−BµUNψN : 〈ξ, (HN + 1)(N+ + 1)kξ〉 ≤ C

Thank you for your attention!
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Proof... details Quadratic

Lemma

For s ∈ [0, 1], let γ
(s)
p = cosh(sµp) and σ

(s)
p = sinh(sµp). Then

dp = − 1

N

∫ 1

0

ds e−(1−s)Bµ

[
γ(s)
p

(
µpN+b

∗
−p +

∑
q∈Λ∗

+

µqb
∗
qa
∗
−qap

)
+ σ(s)

p

(
µpN+bp +

∑
q∈Λ∗

+

µqa
∗
−pa−qbq

)]
e(1−s)Bµ .

(1) eq:d_detailed_expansion
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Proof... details Cubic

e−A(HN + 1)(N+ + 1)keA ≤ C(HN + 1)(N+ + 1)k + C(N+ + 1)k+2

±e−AE1e
A ≤ εK+ C

εN
(HN +N 2

+ + 1), for ε > 0

e−A
(
K −

∑
p∈Λ∗

+
ε(p) a∗pap +QA

)
eA ' K −

∑
p∈Λ∗

+
ε(p) a∗pap +QA
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