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© Bose-Einstein Condensation



Bose-Einstein Condensate

o Predicted by Bose and Einstein (1924-25) for free systems

o Realised in 1995 for a gas of rubidium atoms at 170 nK

[Anderson-Ensher-Matthews-Wieman-Cornell '95]
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Gross-Pitaevskii Regime

@ N bosons in A = [0, 1]3 interacting through a repulsive potential, scaling with N
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Gross-Pitaevskii Regime

@ N bosons in A = [0, 1]3 interacting through a repulsive potential, scaling with N

Hamiltonian:

Hy = Z _ij_s-z N*V (N(x—x;))

j=1 i<j

on L2(AY), V > 0, compact support,

spherically symmetric

On ©
ofo

oJo

Do
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Gross-Pitaevskii Regime

@ N bosons in A = [0, 1]3 interacting through a repulsive potential, scaling with N

Hamiltonian:
v O ©
Hy = Z —AXJ+Z N?V(N(xi—x;)) QQ @

on L2(AY), V > 0, compact support, @ @

spherically symmetric

@ Scattering length: a

{—A-F%V] f=0, with f(x)—1 as|x| = o

= f(x)=1- 2 for large |x|

x|

Do
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Gross-Pitaevskii Regime

@ N bosons in A = [0, 1]3 interacting through a repulsive potential, scaling with N

Hamiltonian:
v y ) O
Hy = Z ~By > N V(N(Gxi—x) Q@ o

on L2(AY), V > 0, compact support, @ @

spherically symmetric

@ Scattering length: a

{—A-F%V] f=0, with f(x)—1 as|x| = o

= f(x)=1- l%‘, for large |x|

@ By scaling, ay = &

Do
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Ground State Energy

o [Lieb-Seiringer-Ynvagson '00]:

En = 4malN + o(N)
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Ground State Energy

o [Lieb-Seiringer-Ynvagson '00]:

EN = 4malN + O(N)

o [Lieb-Seiringer '02]: Ground state iy exhibits Bose-Eistein condensation.
For yv =tra,.. .n|Yn) (¥n] :

NIme trlyn — [o) (¢o]| =0

with 9o(x) = 1,¥x € A
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Ground State Energy

o [Lieb-Seiringer-Ynvagson '00]:

En = 4malN + o(N)

o [Lieb-Seiringer '02]: Ground state iy exhibits Bose-Eistein condensation.
For yv =tra,.. .n|Yn) (¥n] :

Jimtrlyw — |¢o) (vol| = 0
with 9o(x) = 1,¥x € A
o [Boccato, Brennecke, Cenatiempo, Schlein '18 -'20]: V € L3(R?),
|En — 4maN| < C
For a sequence 9y € L2(AV); st (¢, Hyihw) < 4waN + K with K > 0

C(K+1)

1 — (%o, Yntho) < N
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Ground State Energy

o Theorem [Boccato-Brennecke-Cenatiempo-Schlein '19]: V € L3(R?)

Eny = 471'CL(N — 1) -+ e/\a2

2
> [p2 + 8ma — +/|p|* + 16map? — (827;) ] + O(N~H

pe2rZ3\ {0}

N =

where

. cos
en=2— lim E [d
M— oo p2
peZ*\{0}:
[p1lslp2ls P3| <M

@ Also resolves the low-energy excitation spectrum
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Ground State Energy

o Theorem [Boccato-Brennecke-Cenatiempo-Schlein '19]: V € L3(R?)

Eny = 471'CL(N — 1) -+ e/\a2

2
> [p2 + 8ma — +/|p|* + 16map? — (827;) ] + O(N~H

pe2rZ3\ {0}

N =

where
. cos
en=2— lim E [d
M— oo p2
peZ*\{0}:
[pilslp2l, P3| <M

@ Also resolves the low-energy excitation spectrum

o Extensions: [Hainzl-Schlein-Triay '22], [Brooks '23],
[Basti-Cenatiempo-Olgiati-Pasqualetti-Schlein '23],
[Brennecke-Schlein-Schraven '22], [Nam-Triay '23]
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Ground State Energy: Our Result

o Theorem [Caraci-Olgiati-S.A.-Schlein '23]: V € L3(R?), V > 0, sph. sym., compact

support
En = 4ma(N — 1) + era®
1 2
5 [p2+87ra7 v p|* + 16map? — (8;7?
pel\i P
4 log N
- 647r(77r - \/§) ot (8 N) | o (1og M)2 /)
3 N
as N — oo.
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Thermodynamic limit

o Lee-Huang-Yang formula '57:

. En,
e(p) = lim =5F =dmap |1+ 1S\F(pa N
N/L3=p

for pa® — 0.
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Thermodynamic limit

o Lee-Huang-Yang formula '57:

. E 128
e(p) = NIL@OO IA\II’L = 4map 1+W(pa3)1/2+...
N/L3=p

for pa® — 0.

@ Rigorous proofs for the L-H-Y correction:
[Yau-Yin '09], [Basti-Cenatiempo-Schlein '21], [Fournais-Solovej '20-'23]
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Thermodynamic limit

o [Wu '59], [Hugenholtz-Pines '59], [Sawada '59] predicted

Eni 1/2
e(p) = lim —u= =4map[l + 15\f(pa)

N/L3 p

4
+ 8(571' - \/§) pa’ log(127pa’) + . ..
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@ Switch to second quantization,

* 1 9 * *
Hy = plasa, + >N Z V(r/N)a,,azag+rap

pEN* p,q,reN*
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@ Switch to second quantization,

* 1 9 * *
Hy = Z plasa, + >N Z V(r/N)a,,azag+rap

pEN* p,q,reN*

o Factor out BEC: any ¢y € L2(AV) can be uniquely written as

N
v =D an @ UF M, with oy € L2 (A)® and 3o =1
n=0
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Proof...

@ Switch to second quantization,

* 1 9 * *
Hy = plasa, + >N Z V(r/N)a,,azag+rap

pEN* p,q,rEN*
o Factor out BEC: any ¢y € L2(AV) can be uniquely written as
N .
v =D an @ UF M, with oy € L2 (A)® and 3o =1
n=0

o Un:L2(AY) —» FTN = @l L2, (N)®"

UnaiaoUy = N — N, bp = (1— NT'Ny) 2,
UnasaoUy = VNb; [bp, b] = (1 - N*lm) Spq— N1a%a,
UnapaqUy = apaq [bp, by] = 0
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UnHnUy =K + Vi + Vgo)(N -1)
v * 1 9 * gk
+ Z V(p/N)b, b, + 2 Z V(p/N)(bybZp + bpb-p)
PE/\i pe/\*
1
T % Z V(p /N) (bpiqa” pag + aga—pbp+q) + O(N )
VN
P,qENT
p+q#0
with
* 1 9 * *
K= Z P anap, Vn = N Z V(r/N)ap,,agapagr
peAL reN*,p,qgen’

r#—p,—q
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@ Describe correlations: rescaled Neumann problem for £ > 0,
N2
[‘*ZXA+'7E*\/(AL)]ﬁVJ :IAeﬂVj |X‘j§ V4
Orfue(x)=0 x| =+¢
on |x| < £, with fy(x) =1 for |x| > ¢.

= fue(p) = 8p0 + N1, and (\7(~/N) * ?N,,g)o =8ra+O(NY)

verifying

B+ 5 V(p/N)+ 5 S V((p— a)/ Ny =0

qeEN*

Inll> < C, >pen- Plnol* < CN
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Proof... Strategy to extract contributions up to order 1

In [BBCS '19];
@ Extract order N and 1 contributions with B, = %Zpe/\i np(by b, — bpb_p):

e B UnHyUje®" ~ 4raN + Qg + C + Vy
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Proof... Strategy to extract contributions up to order 1

In [BBCS '19];
@ Extract order N and 1 contributions with B, = %Zpe/\i np(by b, — bpb_p):

e B UnHnUje®" ~ 4maN + Qg + C + Vi
@ Cubic renormalization to extract order 1
e Me B Uy Hy UjeBre™ ~ dxaN + Qp + O + Vi,

. * 1 >k *
with Qg + Qa = 3 [F,,bpbp + 5 Golb3b™p + bob_p) + c,,}

PENT
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Proof... Strategy to extract contributions up to order 1

In [BBCS '19];
@ Extract order N and 1 contributions with B, = %Zpe/\i np(by b, — bpb_p):

e B UnHnUje®" ~ 4maN + Qg + C + Vi
@ Cubic renormalization to extract order 1
e Me B Uy Hy UjeBre™ ~ dxaN + Qp + O + Vi,

. * 1 >k *
with Qg + Qa = 3 [F,,bpbp + 5 Golb3b™p + bob_p) + c,,}

PENT
© Diagonalize with B-, for tanh(27,) = —G,/Fp

e Bre e B Uy Hy UseBr e eP ~ dmaN + Egog + Z e(p)apap + Vn
pEAj

with e(p) = /|p|* + 167ap?
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13/18



Proof...Overview of our approach

Get to a precision of o( N~ *logh):
@ Single generalized Bogoliubov transformation B, = B, + B

e B UyHyUnePt ~ 4maN + Epog + Z e(p) apap — Qa+C+Vn

pEAi
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Proof...Overview of our approach

Get to a precision of o( N~ *logh):
@ Single generalized Bogoliubov transformation B, = B, + B

e B UyHyUnePt ~ 4maN + Epog + Z e(p) apap — Qa+C+Vn

pEAi
@ Cubic renormalization A to extract order 1 and order N~ tlogN

e e B UyHy U,T,eB“eA ~ 4raN + Egog + Eiog + Z e(p) apap + Vi

PENT

verifying e AN e? <N
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Proof... Our approach

@ Single generalized Bogoliubov transformation B, = B,, + B-

e P UvHnUne® = amaN + Egog + »  €(p) apap — Qa+C+ Vv + &

pGAi

°oC= ﬁ 2 p.gent V(p/N) by qbZp(Yabg + 0qbZg) +h.c. = Cy + Co
p+q#0
with 4 = cosh(ug) and o4 = sinh(uq).

@ Two kinds of errors £ = &1 + &> ¢
o £& <K+ S(Hy + D)WV + 1)k
° :|:52§5N++5£N(’HN+1)(N++1),(, fore > 0 with Hy =K+ Vy

For GS wn: (e~ BuUntpy, (Hy + 1) (N4 4+ 1)ke=Bu Upytpy) < C, using [BBCS'19]
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Proof...Our approach

@ Cubic transformation:

g by bE (meywby + vrybt,) —hc. = Ay + A,
r,vE/\i
r+v#0

1
A= —
VN

. 2,2
with vy =nr(ov =) + 0 e
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Proof...Our approach

@ Cubic transformation:

> b b (newby + vrubt,) —hie. = Ay + A,
r,vE/\i
r+v#0

1
A= ——
VN

. 2,2
with vy =nr(ov =) + 0 e

o [K,A,] ~ % Srvens 0y, bi,b* b, +h.c.

r+v#0
n, Ay] =~ 2= 52 vens (V(-/N) % m) 4y by, b7, by + hec.
r+v#0

— Use scattering equation to cancel C,
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Proof...Our approach

@ Cubic transformation:

> b b (newby + vrubt,) —hie. = Ay + A,
r,vE/\i
r+v#0

1
A= ——
VN

. 2,2
with vy =nr(ov =) + 0 e

o [K,A,] ~ % Srvens 0y, bi,b* b, +h.c.

r+v#0
n, Ay] =~ 2= 52 vens (V(-/N) % m) 4y by, b7, by + hec.
r+v#0

— Use scattering equation to cancel C,

@ Choice of v for which [KC, A,] ~ ﬁ Zr,ve/\j r’n.oy bt b, b, + h.c.
r+v#0

Diane Saint Aubin, University of Ziirich GS energy of a Bose gas in GP SFB Junior Meeting 2023 16/



Proof...Our approach

@ Cubic transformation:

> b b (newby + vrubt,) —hie. = Ay + A,
r,vE/\i
r+v#0

1
A= ——
VN

. 2,2
with vy =nr(ov =) + 0 e

o [K,A,] ~ % Srvens 0y, bi,b* b, +h.c.

r+v#0
n, Ay] =~ 2= 52 vens (V(-/N) % m) 4y by, b7, by + hec.
r+v#0

— Use scattering equation to cancel C,

@ Choice of v for which [KC, A,] ~ ﬁ Zr,ve/\j r’n.oy bt b, b, + h.c.
r+v#0

WV, Al = J5 5 vens (V(/N) 5 m),0 b7y b™ b7, + Ciog + h.c.
r+v#0
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o e Ce" ~C+[C,A] ~C+204+2Eg1
o e Hye ~ Hy + [Hu, Al + [Hn, Al Al =~ Hy — C — Qa — Eiog1 + Eiog,2

using [Co, Av] = 2Eiog,1 and [Ciog, Av] == 2Eiog 2
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o e Ce" ~C+[C,A] ~C+204+2Eg1
o e Hye ~ Hy + [Hu, Al + [Hn, Al Al =~ Hy — C — Qa — Eiog1 + Eiog,2

using [Co, Av] = 2Eiog,1 and [Ciog, Av] == 2Eiog 2

Elog - Elog,l + EIog,Q

2 1 -~ -
=N 2 PHv+(r+vy [(’2+(f+V)Z)(V(-/N)*fN,e),mmvnrw
ryvens
r+v7£ar

() ((VO/N) ), + (VN * Foe), ) mens| + OV
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o e Ce" ~C+[C,A] ~C+204+2Eg1
o e Hye ~ Hy + [Hu, Al + [Hn, Al Al =~ Hy — C — Qa — Eiog1 + Eiog,2

using [Co, Av] = 2Eiog,1 and [Ciog, Av] == 2Eiog 2

Elog - Elog,l + EIog,Q

2 1 -~ -
=N 2 PHv+(r+vy [(’2+(f+V)Z)(V(-/N)*fN,e),mmvnrw
ryvens
r+v7£ar

() ((VO/N) ), + (VN * Foe), ) mens| + OV

~ —64%(%71’ — \/5) a* (Io;gVN)
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Proof...Our approach

e e BrUyHyUjeP e* = 4maN + Egog + Eiog + Z e(p) apap + Vv + &

PENT

with £6 < eK + §[(log N)/? + e 7](K + 1)(NV4 + 1)*, € > 0
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Proof...Our approach

e e BrUyHyUjeP e* = 4maN + Egog + Eiog + Z e(p) apap + Vv + &

PENT

with £6 < eK + §[(log N)/? + e 7](K + 1)(NV4 + 1)*, € > 0

@ Upper bound: test on |Q2)
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Proof...Our approach

e e BrUyHyUjeP e* = 4maN + Egog + Eiog + Z e(p) apap + Vv + &

PENT

with £6 < eK + §[(log N)/? + e 7](K + 1)(NV4 + 1)*, € > 0
@ Upper bound: test on |Q2)

o Lower bound:
e Vy >0

o =1 = (log N)'/?
o (1= (logN)"2) T pe. <(p) 2325 > 0

o For GS ¢ = e~Ae B Uyyn: (€, (Mn + )Ny +1)%€) < C
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Proof...Our approach

e e BrUyHyUjeP e* = 4maN + Egog + Eiog + Z e(p) apap + Vv + &

PENT

with £6 < eK + §[(log N)/? + e 7](K + 1)(NV4 + 1)*, € > 0
@ Upper bound: test on |Q2)

o Lower bound:
e Vy >0

o =1 = (log N)'/?
o (1= (logN)"2) T pe. <(p) 2325 > 0

o For GS ¢ = e~Ae B Uyyn: (€, (Mn + )Ny +1)%€) < C

Thank you for your attention!
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Proof... details Quadratic

Lemma

Fors € [0,1], let 7 = cosh(sp,) and 65 = sinh(sp,). Then

1 ! —(1—s s * * %
dy = — N/o ds e~ (1=%)Bn ['y,(,)(up./\/;b,p—l— Z uqbqa,qap)

(1)
a4 0,()5) (.UPN+bP + Z /,anipa—qbq)] e(1=5)By
qENT
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Proof... details Cubic

o e A(Mn + 1N} +1)ke? < C(Hn + 1)(N; + 1) + (N + 1)

o te A& <eK+ S(HN+ N7 +1), fore >0

o e (K= Tyen: e(p) apap + Qn) € = K — e e(p) apap + Qa
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