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Hydrodynamics: Water?

• Thermodynamics = set of laws that rule the equilibrium behaviour 
of macroscopic systems

Outline

Hydrodynamics: large scale (macroscopic) behaviour of many-body 
systems out-of-equilibrium

• Why? Thermodynamics is the most successfull theory in 
physics

 ---> extremely wide range of applications

• Non equlibrium physics is way more complex, different approaches
 Hydrodynamics follows the path of thermodynamics and it’s one of them



Outline

• Why hydrodynamics of integrable systems?
 …and what is an integrable system?

(later!)

• ∞-set of conserved quantities

- extremely constrained dynamics

- exactly solvable (non-perturbative)

New paradigms and insight on hydrodynamics!



Outline
• Statistical Mechanics
 - Brief review of equlibrium statistical mechanics
 - Hydrodynamics in a nutshell

• Integrability
 - What is an integrable system?
 - A quantum Newton cradle: non-ergodicity

• Hydrodynamics of integrable systems:
 Generalized Hydrodynamics (GHD)

• Why does SFB pay me?



Brief review of statistical mechanics
«Thermodynamics is not based on a new and particular law of nature. 
It instead reflects a commonality or universality of all laws.

In brief, thermodynamics is the study of the restriction on the possible 
properties of matter that follow from the symmetry property of the 
fundamental law of physics» 
     H.B. Callen

At the core of the behaviour of matter there are SYMMETRIES and 
not INTERACTIONS



Brief review of statistical mechanics
N-body system, N large  𝐻 Ԧ𝑞, Ԧ𝑝  Hamiltonian

ሶ𝑞 =
𝜕𝐻

𝜕𝑝

ሶ𝑝 = −
𝜕𝐻

𝜕𝑞

Equations of 
motion to solve

«exponential wall» 
of many-body physics

We need a reduction of the degree of freedom!

Statistical
mechanics

Let’s put a measure on the phase space (or Hilbert space)



Brief review of statistical mechanics
probability measure ρ:   could be whaterver and evolve 
   according to some equation

ሶ𝜌 = 𝑓(𝜌, 𝜕𝑥𝜌, … )

Empirical observation:     macroscopic systems tend to reach an equilibrium configuration

WHICH IS THE EQUILIBRIUM CONFIGURATION?

Let’s put some formulas… (QUANTUM NOTATION, mutatis mutandis for classical)

local operator

density matrix

For some β=1/T

THERMALIZATION



Brief review of statistical mechanics
• Thermalization: I know the density matrix at equlibrium of a many-body system

GIBBS STATE Boltzmann 1868

• Can I only wait for the system to equilibrate? SEPARATION OF SCALE

B. Doyon Lecture notes on GHD



Hydrodynamics in a nutshell
• Fluid cell:   introduce a mesoscopic scale

B. Doyon Lecture notes on GHD
LOCAL EQUILIBRIUM

• Every fluid cell (labelled by x) has its own Gibbs state

ℎ(𝑥) Hamiltonian density

HYDRODYNAMIC APPROXIMATION

• I need an equation for the evolution of     𝛽(𝑥, 𝑡)    (PDE)



Hydrodynamics in a nutshell
• Example: NAVIER-STOKES EQUATIONS

If I recollect some terms…

…NS equations rewrite as Conservation laws
(continuity equation)

Conservation laws arise from the microscopic but hold at any scale!



Hydrodynamics in a nutshell

Most common systems in nature: GALILEIAN SYSTEMS

Momentum P conserved
Energy H conserved
Mass M conserved

Spatial transl.
Time transl.
Isolated syst.

NOETHER

These are all local conserved quantities CONSERVATION LAWS

HYDRODYNAMICS: conservation laws of the fundamental microscopic 
model applied to quantities averaged on local equilibrium states



• Hydrodynamics

• Integrable systems

• Generalized Hydrodynamics

• My work at SFB



Integrability
• Classically: Arnold-Liouville, existence of action-angle variables

• Quantum: not clear! 

Anyway, for our purposes it is sufficient to consider an integrable system as:
 
 a system with an extensive (linear in the d.o.f) number of local conserved 

charges in involution

Exactly solvable:
 -quantum: Bethe ansatz
 -classical: IST, scattering coordinates, …

Exactly solvable doesn’t mean analytically, means with no approximation (pert. theory, mean field, ecc…)



Integrability
• Two scenarios in the landscape of models:

GALILEIAN SYSTEMS 3 cons charges: Mass, Momentum, Energy 

INTEGRABLE SYSTEMS N cons. charges: Mass, Momentum, Energy, more and more…

• Example? -Free systems! N free particles of momentum     𝑝𝑖  𝑖 = 1, … , 𝑁

𝑄𝑛 =  
𝑖
(𝑝𝑖)𝑛 are conserved

Interacting? QUANTUM:   δ-Bose gas or Lieb-Liniger gas

Euler-Lagrange equation of the Lieb-Liniger model is the NLS



Does integrability exist?
• Coleman-Mandula theorem: for a relativistic (non-free) theory in d>1 there are no 

spacetime symmetries other then the Poincarè group   => Impossible integrability

• If we put ourself in (1+1) dimension, we break one of the hypothesis!

Except for conformal field theories

INTEGRABILITY IS A ONE-DIMENSIONAL STUFF!



Does integrability exist?
• Coleman-Mandula theorem: for a relativistic (non-free) theory there are no spacetime 

symmetries other then the Poincarè group => Impossible integrability

• If we put ourself in (1+1) dimension, we break one of the hypothesis!

Except for conformal field theories

INTEGRABILITY IS A ONE-DIMENSIONAL STUFF!

• Beyond Coleman-Mandula theorem? Supersymmetry!



Why study the 1D world?
• What drives the research? FUN!

«However, my personal reason for working on one-dimensional 
problems is merely that they are fun. A man grows stale if he works 
all the time on the insoluble and a trip to the beautiful work of one 
dimension will refresh his imagination better than a dose of LSD» 

     Freeman Dyson, 1967

• Future outlooks: electronics, cond mat physics, physics at the edge, …

• Mathematical physics: one-dimensional physics is different!

 - individual excitations -------> collective excitations

 - Coleman-Mermin-Wagner theorem: no long-range order, fluctuations have 
      a preminant role

INDIVIDUAL BEHAVIOUR

COLLECTIVE BEHAVIOUR



The issue of thermalization
A QUANTUM NEWTON CRADLE



A quantum Newton cradle

Integrable systems do not thermalize

• Two blobs of low density Rb87 atoms
 -described by Lieb-Liniger model

Morally it’s the «modern version of the 
Fermi-Pasta-Ulam problem»



A quantum Newton cradle
• Toward what relaxes an integrable system?

GALILEIAN SYSTEMS  -------->  GIBBS STATE

INTEGRABLE SYSTEMS  -------->  GENERALIZED 
             GIBBS STATE

𝛽𝑗 generalized inverse temperatures (or generalized chemical potentials)

𝑄𝑗 conserved quantities



• Hydrodynamics

• Integrable systems

• Generalized Hydrodynamics
    (even though it is very specific)

• My work at SFB



Generalized Hydrodynamics (GHD)
…or better the hydrodynamics of integrable systems  (iFluid?)

B. Doyon Lecture notes on GHD

GHD EQUATIONS

where

What are the currents?

CASTRO-ALVAREDO, DOYON, 
YOSHIMURA, PRX 6, 041065 (2016)

BERTINI, COLLURA, DE NARDIS, 
FAGOTTI, PRL 117, 207201 (2016)



Generalized Hydrodynamics (GHD)

• I need to close the equations…

• Now GHD equations are closed

• For the moment everything formal, but in practise what are the currents?



Generalized Hydrodynamics (GHD)

• Collision rate ansatz

• GHD equations can be rewritten as

Now we figured out everything, we can do simulations, 
prediction, both analytical and numerical





• Hydrodynamics

• Integrable systems

• Generalized Hydrodynamics
    (even though it is very specific)

• My work at SFB



My work at SFB
The field is very recent and research is moving fast and in several directions

• Mathematical foundation: 
 - Derivation of the equations
 - Definition of the currents
 - Weak integrability breaking
 - Connection with soliton gases
 - ecc…

• Technlogical applications:
 - Heat engines
 - more more and more

• Paradigms of non equilibrium physics:
 - transport phenomena
 - ecc…

Emergent Hydrodynamics in Integrable Many-Body Systems, 
A. Bastianello (TUM physics), B. Doyon, B. Bertini, R. Vasseur

Spohn 20, B. Poszgay 21

A. Bastianello

G. El

I am doing a joint work with A. Bastianello

Jacopo de Nardis



My work at SFB

• «On a hydrodynamic scale all integrable many-particle systems are structurally alike »
 «Given the diversity of microscopic models such a claim is surprisingly bold»

• All quantum models are «particle based» and you can solve them using 
the Bethe ansatz

• Classical models instead could be gases (particle), wave equations 
(solitions) or chains

 ---> not trivial to establish properly why such an universal behaviour

In my last (and first) work…



My work at SFB
In my last (and first) work…

Ablowitz-Ladik chain: integrable discretization of NLS

• We know how to derive its hydrodynamics in a statistical mechanical fashion

• New: we derive a particle interpretation for the model reconstructing what are the 
quasi-particle

Spohn 22

AB, Spohn to appear

• Can we extend our results to the continuum limit (NLS)?
• Can we find a proper derivation for the currents?
• Can we extend our procedure to other models?
• …



THANKS FOR THE ATTENTION!
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